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Abstract 

The graph state formalism offers strong connections between quantum 
information processing and graph theory. Exploring these connections, 
first we show that any graph is a pivot-minor of a planar graph, and even 
a pivot minor of a triangular grid. Then, we prove that the application of 
measurements in the {X, Z) plane (i.e. one-qubit measurement according 
to the basis {cos(6l)jO) + sin(6l)|l), sin(6l)iO) - cos(6l)|l)} for some 9) over 
graph states represented by triangular grids is a universal measurement- 
based model of quantum computation. These two results are in fact two 
sides of the same coin, the proof of which is a combination of graph the- 
oretical and quantum information techniques. 

1 Introduction 

In 2001, Raussendorf and Briegel [331 [31] introduced a model for quantum com- 
putation based on measurements where one-qubit measurements are applied on 
an initial entangled state, called graph state. This model, called the one-way 
model is not only a very promising model for the physical implementation of 
a quantum computer [411 132] , but it has also led to several theoretical break- 
throughs in quantum information processing. For instance, the one-way model 
has been proved to be more favorable to the parallelization of quantum oper- 
ations than the usual quantum circuits [7]; the one-way model has also given 
rise to the elaboration of several protocols like the blind quantum computing 
[5] , and the quantum secret sharing with graph states [23l [191 [H] ■ 

The graph state formalism, which is used to describe the initial entangled 
state in the one-way model, has been broadly studied this last decade, the 
survey by Hein et al. [TH] provides an excellent introduction to the domain 
and has more than 200 references. The graph state formalism is a powerful 
framework for characterizing quantum information properties in a combinatorial 
way, using graph theory. For instance, the ability of performing a unitary (or 
more generally an information preserving evolution) on a given graph state has 
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been characterized as the existence of a certain kind of flow in the corresponding 
graph [8l|10l[6l[24]. 

Another example of the graphical characterization of quantum information 
properties is that two graphs which are locally equivalent (i.e. equal up to local 
complementation, a graph transformation introduced by Kotzig |20j and investi- 
gated among others by Bouchet [HI [3]) are representing the same entanglement 
in the sense that the corresponding graph states are LC equivalent [39]. As a 
consequence, the rank-width |29) of a graph, which is invariant by local com- 
plementation, is a measure of entanglement of the corresponding quantum state 
[lO] . Moreover, the minimal degree up to local complementation [TJ and the 
weak odd domination [TS] are other examples of graph theoretical characteri- 
zation of quantum properties: the minimal distance of a quantum code for the 
minimal degree up to local complementation [I]; and the threshold of a graph 
state based quantum secret sharing schemes for weak odd domination |15| . 

In the present paper, we mainly prove two important results, both come 
from the strong connections, offered by the graph state formalism, between 
quantum information processing and graph theory. First we show that any 
graph is a pivot-minor of a planar graph (a pivot minor of a graph G is a 
graph one can obtain by performing pivotings - a certain combination of local 
complementations - and vertex deletions over the graph G). Moreover, we 
prove that the application of measurements in the {X, Z) plane (i.e. one-qubit 
measurement according to the basis {cos(0)|O) -I- sin(0)|l), sin(0)|O) — cos(0)|l)} 
for some 9) over graph states represented by triangular grids is a universal model 
of quantum computation. These two results are in fact two sides of the same 
coin, the proof of which is a combination of graph theoretical and quantum 
information techniques. In particular, the former, i.e. the proof that any graph 
is a pivot-minor of a planar graph, is an example of 'classical' (in the sense 'non 
quantum') property which is proved using quantum arguments. Other such 
classical results with quantum proofs are listed in this paper |12) . 

The latter result, the universality of {X, Z)-measurement over triangular 
grids, is an improvement in the quest of the minimal resources for measurement- 
based quantum computation [551 ISOl HH HOI 1311 [3S] , minimisation which is 
essential for the actual physical implementation of the model. Several regu- 
lar grids (square, triangular, and hexagonal grids) are known to be universal 
resources for the one-way model |40j . however the universality of these graph 
states is based on the use of single qubit measurements in the three possible axis 
X, Y and Z of the Bloch sphere, more precisely the performed measurements 
are according to Z (measurement in the standard {|0),|1)} basis) and in the 
(X,r) plane (measurement in the basis {l^^^i^pil^ Mi^Spil} for some 6). Al- 
ternatively, it has been proven in [S] that the measurements in the (X, Y) plane 
over 'brickwork' states (see Figure [T]) are universal. The tradeoff to the use of 
the single {X, Y) plane for the measurement is that the brickwork state is not 
regular, so not as easy as a grid to prepare. In the present paper, we show that 
measurements in a single plane, namely the {X, Z) plane, over the triangular 
grid is universal. 



Figure 1: Top left: squarred grid (or cluster state) - Top right: triangular grid 
- Bottom left: hexagonal grid - Bottom right: 'brickwork' state. 

The paper is structured as follows: first, the standard graph theoretical no- 
tions used in the paper are presented, then are given the fundamental properties 
of the signed graph states, an extension of the graph state formalism. In section 
[5l the actions of X- and Z-measurements over signed graph states are graph- 
ically characterized. Section |6] is dedicated to the proof, based on quantum 
arguments, that any graph is pivot minor of a planar graph. Finally, in sec- 
tion [71 we prove that measurements in the (X, Z) plane on triangular grids are 
universal for quantum computing. 

2 Pivot minor 

Given a graph G and a vertex u, the local complementation on the vertex 
u switches edges and non-edges in the neighborhood of u: it transforms G 
into G * u = GAKjij-(^y_-^ where A is the symmetric difference and -R'7V(„) is 
the complete graph over the neighborhood of u. Pivoting (also called edge 
local complementation) [31 [37] on an edge uv is defined as a sequence of local 
complementations on the two vertices of the edge G A uv = G * u * v * u (see 
Figure [11). 

A graph G is a pivot minor of H if and only if G can be obtained from H 
by a sequence of pivotings and then a sequence of vertex deletions. 

It has been proven [371 El that for any sequence of pivotings, there exists 
an equivalent sequence of pivotings where each vertex is used at most once. 
In particular, Kwon and Oum characterized, using the rank-width, the graphs 
which are pivot minors of trees and paths [21j and Oum proved that any bipartite 
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Figure 2: Pivoting on uv. C = 7V(u) n7V(w), A = M{u) \C,B ^ Af{v) \ C, and 
D is the rest of the vertices. Pivoting on uv exchanges vertices u and u, and for 
any (a;, y) G (A x B) U {B x C) U {A x C), the edge xy is deleted if xy was an 
edge, and added otherwise. 

circle graph is a pivot minor of all line graphs with large rank- width [2 8) . 

3 Signed graph state formalism 

In this section, we review the fundamentals of graph states ^16j and signed graph 
states [IS]- The graph state formalism consists in representing some particular 
quantum states using graphs. Given a graph G of order n, the corresponding 
quantum state is defined as the common fixpoint of n operators depending on 
the graph G. Each of these operators is a Pauli operator on n qubits. The group 
of Pauli operators acting on a set V ofn qubits is generated by {X„, Z,j, , 
where / is the identity, X„ (resp. Z„) is an operator which acts as the identity 
on y \ {u} and as X : |x) i-^ \x) (resp. Z : \x) !—> on qubit u. More 

generally, for any subset S CV, let Xs = Ilues^" '^s = Dues Z"- 

For a given simple undirected graph G = {V, E) of order n, the graph state 
\G) G C" is the unique quantum stat^ such that for any u & V , 

X«ZaA(„)|G) \G) 

To increase the expressive power of the graph state formalism, following |13) 
a sign is added to the graph: for a given graph G — (V, E) and a subset S QV 
of vertices, let 

|G;5) = Zs|G) 

Proposition 1 For any graph G — {y,E), {\G\S)}s<zv form an orthonormal 
basis. 

^In fact \G) is unique up to a global phase which is irrelevant in quantum computing. This 
global phase is choosen s.t. (0"|G} = 



Proof First, notice that for any u G V and any S C V, Xu and Z5 commute 
ii u ^ S and anticommute ii u G S. For any distinct S, S' C V, let u e 5 AS". 

(G;S|G;S') = {G\ZsZs'\G) 

= (G|Z5AS'XuZ_v(„)|G) 
= -(G|X„Z_^(„)ZsA5'|G') 
= -(G;S'|G;S") 

As a consequence, (G; S\G; S') = 0, so {|G; S')}5cv' is an orthonormal basis. □ 

In the following lemma, it is shown that the action of any Pauli operator on 
a signed graph state can be captured by its sign, up to a global phase. Since 
quantum state are equivalent up to a global phase, for any |(/)), we write 
\(j>) = \tjj) when there exists a such that \<j>) = e'"|V')- 

Lemma 2 For any graph G = {V, E), any subset 5 C V, and any Pauli opera- 
tor P, there exists S' CV such that P|G; S) = |G; S'). 

Proof P can be decomposed, up to a global phase, into a product of X and Z 
operators: BSi, 5*2 C V, and d e [0, 3] such that P = i'^Xs^Zs^. Thus P|G; S) = 

i'^'>^Si'Z-S2As\G) = i'^XsiZs2As(Jiu<£Si'>^uZj^(u)\G)) = i"* Zs2ASn„gSiZAA(u)|G), 

where A is the symmetric difference. □ 

All signed graph states represent distinct quantum states: 

Lemma 3 For any graphs Gi,G2 and any signs 81,82, 

|Gi; S*!) = IG2; 5*2) =^ Gi = G2 and 81=^82 

Proof Let 8 = S'iAS'2. |Gi;S'i) = |G2;S'2) implies \Gi;8) = IG2). 
For any vertex u, since ZsX„Zjv-g^(«) |Gi) = X^Z^Ag^ (n) IG2), \Gi;8) = 
|G2;7VGi(n)A7VG2(„)). Thus, IG2) = |G2;7Vgi(„) AWg^h)- By proposition [H 
A/'gi («) AA/'g2 («) — ^- Thus, Gi — G2 since for any u, A/giCu) = A/calw)- As a 
consequence, |Gi; S*) = |Gi), so by proposition [TJ 5' = so 5'i = 6*2. □ 

4 Combinatorial properties of Graph States 

The success of the graph state formalism is mainly due to the ability to char- 
acterize quantum properties by means of graph theoretic ones. For instance, 
local Clifford equivalence has been characterized by local complementation . 
Here, we recall that the action of local Clifford transformations can be charac- 
terized by local complementations, and we prove that the action of local real 
Clifford transformations can be characterized by pivoting. 

A Clifford transformation C is a map which transforms Pauli operators to 
Pauli operators: for any Pauli P, CPC^ is a Pauli operator. A local Clifford is a 
Clifford that can be decomposed into the tensor product of one-qubit unitaries: 



Ci (8) . . . (g) C„. The group of local Clifford on V is generated by {\/Z„, V^u}uev 
where := ^(/-iP„). For any subset S of qubits, let VPs ■= Hues V^u- 

A particularly important Clifford operation is the so-called Hadamard trans- 
formation: for any u £ V H acts as the identity on F \ {u} and as H : |x) i— 
|o)+(-i)''|i) Moreover, for any S CV, let Hg = Hues H«- 

H together with Z generates a subgroup of the Clifford operations, which 
corresponds exactly to the local real Clifford operations, i.e. those that can be 
represented by matrices with real entries in the computational basis {|0), 

Some quantum transformations on graph states can be interpreted in terms 
of graph transformations. In particular, the application of some Clifford trans- 
formations can be interpreted in terms of local complementions [3 9) : 

Proposition 4 For any graph G — {V,E), for any vertex u £ V , 
Such Clifford operators act on signed graph states as follows: 



VxlVz^^u)\G;S) 



\G*u;S) ifw^S" 
\G*u;SAAf{u)) iiueS 



Moreover Van den Nest proved that the action of local Clifford transforma- 
tions is characterized by local complementation: 

Lemma 5 ( [39| ) For any graphs G and G' , there exists a local Clifford trans- 
formation C such that C|G) — \G') if and only if G and G' are locally equivalent, 
i.e. there exists a sequence of local complementation transforming G in G' . 

In [38) , a combinatorial characterizationg of the action of Hadamard trans- 
formations on two neighbor qubits has been introduceji. 

Proposition 6 For any graph G — {V^E) and any edge {u,v) £ E, 

^u,v\G) = 'Z-Ar{u)nAriv)\G Auv) 

Proof Since the original statement in [38j has been introduced without the 
Pauli factor Zjv'(«)n7V(i>)7 a proof of the proposition is given. The proof is 

based on the facts that V^uV^uV^u = e''^/'*X„H„X„ and \/Zti"\/x|,\/Xu = 
e-^"/4Z„H„Z„. 

\GAuv) = \G*u*v*u) 

} Vx^ VZu Vy^v Vy^v I g) 

H„H„X„Zi,|G) 

= X.uZ(jv'(u)u7V(d))A{«}Hu,dZ_V(„)A{'u}|G) 

Moreover \GAuv) XuZn^^^^^u)\G A uv) = '>^uZNGiv)A{u,v}\G A uv) , so 
|G A uv) = y^u,vZMG{u)nMG{v) \G). □ 



In [38| the characterisation has been given up to Pauli operation. 



The action of Hadamard transformations is extented to signed graph states: 
Given a graph G — {V, E) and an edge (m, v) S E, for any S C V\{u, v}: 



Now we prove that the action of the local real Clifford transformations on 
graph states is captured by the graphical transformation of pivoting. 

Lemma 7 For any real local Clifford transformation R, and for any graphs 



Gi = [VuEi) andG2 = (^2,^2). i/i?|Gi,5i) = |G2,52> then S[, S'^ C Vi 
s.t. HaIGi,^;) = |G2,5^>. 



Proof Any real local Clifford can be decomposed (up to a global phase) into 
a product of H, X and Z. More precisely, for any real local Clifford i?, 3A, B, C 
s.t. R = HaXbZc. So R\G,,Si) = HaXbZc\G,, S,) = H^Xb|Gi, ^lAG) = 
HA\Gi,SiACAOdd{B)) = |G2,S'2) where Odd{B) := {v s.t.\Niv) n B| = 1 
mod 2}11. □ 

Lemma 8 For any graphs G and G' , any signs S , S' , and any real local Clifford 
transformation R, if R\G; S) = |G';S") then G and G' are pivot eguivalent, i.e. 
there exists a sequence of pivotings transforming G in G' . 

Proof Thanks to Lemma El there exist A, 81,82 s.t. Ua\G,8i) = |G',S'2). 
For any u e A, notice that A n 7V(u) ^ 0. Otherwise, if ^ n Ng{u) = then 
|G';S'2) = HaZ5jX„Z_v(„)|G) = Z„Z_v(„)i?AZsJG) = Z{„}u^(„)|G'; S'2) which 
contradicts proposition [T] Thus, for any u € A, there exists v G AnM{u) and 
a sign 53 such that Ha\G\8i) = V{a\{u,v}^u..v\G\ 81) = V\a\{u,v}\G ^uv■, 8:i) = 
|G'; 5*2). As a consequence, by induction on the size of A, G is a, pivot equivalent 
to G'. □ 

5 Local measurements and Measurement-based 
quantum computing 

In this section, the action of local measurements over the qubits of a graph states 
is considered. We give graphical interpretation of such measurements, but also 
a computational interpretation since the application of local measurement over 
a graph state is the key ingredient of the one-way model. 

We consider local measurements according to the basis {|0'-"'), 
parametrised by an angle a € [0, 27r), where 



'^Odd{B) can be alternatively defined inductively as follows: Oddoifl)) := 0, and 
Oddc{{uo,. . .«„}) = Odda{{uo, . . . ,Un-i})/:^Na(un) 



H„,„|G;5UM) 
H„,,|G;5UM) 
Hu.v\G;8\J{u,v}) 



\G Auv]8A{U{u)f] M{v) )) 
\G A uv- 8A{ Af {u) n Jfp})) 
\G Auv;8A{Af iu)nAf{v))) 
\G Auv;8AiAf iu)UAf{v))) 




cos(-)|0)+sin(-)|l) 
sin(|)|0)-cos(|)|l) 



This family of measurements is said to be in the (X, Z)-plane since aU these 
basis states are actually in the {X, Z)-plane in the Bloch sphere representation. 
Moreover, for any a, the observable associated with the measurement in the ba- 
sis {|0'"'), jl'-"'')} is cos(Q:)Z+sin(Q:)X. Notice that when a = it corresponds to 
the standard basis measurement {|0), |1)} also called Z-measurement and when 
a = 77/2 to the diagonal basis measurement { ^"^^"^^ , } or X- measurement. 

One-way quantum computation is generally made upon {X, Y)- 
measurements together with .Z-measurements. We prove that using {X, Z) 
measurements instead also give rise to a universal model of quantum computing. 

A measurement has non deterministic evolution which consists in projecting 
the state of the measured qubit onto one of the two basis states: |s(")), s G 
{0, 1} is the classical outcome of the measurement. Thus the action of such a 
measurement, up a re-normalisation is (s^"^|. 

The action of a Z-measurement corresponds to a vertex deletion: for any 
graph G = {V, E), any vertex u gV, any s G {0, 1}, 

y2(4o)|G)=Z;V(„)|GV) 

The action of Z-measurement is extended to signed graph states: for any 
graph G = {V, E), any sign S CV, any vertex u gV, and any s e {0, 1}, 

V2 (s(°)|G;5) = \G\u;{S\u)A{Af{u)y) 

A single X-measurement cannot be interpreted as a graph transformation, 
since for any connected graph G and any vertex u of G, an X-measurement 
of qubit u of \G) leads to a quantum state which is no more a graph state. 
However, the application of a pair of X-measurements on adjacent qubits can 
be interpreted as a pivoting followed by vertex deletions: 

Proposition 9 For any graph G, any edge uv, and any r,s £ {0, 1}, 

2 (4"/2)r('^/2)|G) = Zs\GAuv\u\v) 
where S = {Af{u) nAf{v))A{Af{u)\vyA{M{v)\uy 




Figure 3: Evolution of a graph state by X measuring u and v 



Proof Since {s[P\ = (sl°^|H„, 2{si^\i^^\G) = 2(sl"Vi°)|H„,„|G) 

= 2 (sl°Vi°^|Zjv^(„)nArc(t,)|GA w) 

= Z(A^c(„)n7VG(^.))A(JVGA..^,('')\")'■A(^fG^„„(^,)\«)HG A 

= Z(ArG(tj)n7VG(i'))A(ArG(«)\i')'-A(AfG(«)\jO'- A uv\u\v) □ 

The action of the X-measurement of two neighbors extends to the signed 
graphs: for any graph G = {V, E), any sign S Q V, any edge uv € E and any 
r,se {0,1}: 

2 (s(7/2)r("/2)|G;5) = \G ^ uv\u\v- S') 
where S' = (5\m\w)A(AA(w) n A/'(v))A(AA(M)\v)''®l''nsi A(AA(w)\M)«®l"ns| 

Lemma 10 For att.?/ graphs G, G' , and any signs S, S' , if a sequence of X- 
and Z -measurements transforms \G; S) into |G'; 5") then G' is a pivot minor of 
G. 

Proof Since all measurements are commuting because they are local, we as- 
sume w.l.o.g. that all the Z-measurements are performed first, leading to a 
signed graph state \G\A,Si), where A is the set of the qubits which are Z- 
measured. Then, inductively, if a pair of 2 neighbors uv are X-measured 
then by proposition [9l these two measurements lead to the sign graph state 
|((G\A) A uv)\{u, v}, 52). We repeat this step inductively until there is no two 
neighbors which are X-measured. So it leads to a graph state |G, S3) such that 
G is a pivot minor of G and such that the remaining X-measurements have to be 
performed on an independent set B oi G. If _B is empty then G' = G so G' is a 
pivot minor of G. Otherwise, let u E B. The state after the X-measurement 
of u is V^-{sl]^^'^^\G; S3) with s e {0,1}. \(j}) is an eigenvector of Zjv'g(u): 
indeed Z^^^^){u){si^^'^\G; S3) - (-l)^Z^^(„)H(sL"/')|X„Z^^(„)|G; ^3) = 

{-iy{sl7^^^\G;S3). Moreover, since none of the neighbors of u are measured, 
the final state |G',S") is also a eigenvector of Zjv'g(u), so according to lemma 
[3]A/'(=;(u) = and u is isolated. For an isolated vertex u, one can easily show 
that a X-measurement of u produces the state \G\u, S3). By induction on the 
independent set B, it comes that G' is a pivot minor of G. □ 

6 From Quantum computation to graph theory 
6.1 Embedding in a planar graph. 

The main result of this section is that any graph is pivot minor of a planar 
graph. The proof consists in encoding the preparation of |G), for any G, with a 
measurement-calculus pattern j5] |TD| (the language used for formal description 
of one-way quantum computation) composed of X-measurements only. 
First we recall some properties of the measurement-based model: 



An open graph is a triplet (G, /, O) where G = iy, E) is a graph and /, O C V 
are representing respectively the input and the output qubits of the computa- 
tion. Intuitively, the input qubits are initialised in a state which is the state of 
the input of the computation and then they are entangled with the rest of the 
qubits. Then, the non output qubits are measured and finally, at the end of the 
computation, the output of the computation is located on the remaining qubits, 
i.e. the output qubits. For a given open graph (G, /, O) the corresponding 
entangling operation M(q j is: 

where Is is a binary n-bit vector indexed by V such that fs{u) = 1 u (z S, 

and Vx, y G {0, 1}^, x»y = J2uev ^nVu- 

When the input state is the uniform superposition |0) — X^xglo i}-^ I''')' 
the graph state |G) is prepared, indeed (G|M((3 / q)!'/') = 

Open graphs can be composed: the composition (G2 = (V2, E2), ^, O) o (Gi = 
(Vi, Si), /, A) = (G' = (Vi U V2,EiAE2), /, O), is well defined if ^10^2 = A. 

In the following, we consider that the input qubits are always X-measured. 
The other qubits are measured in the {X, Z)-plane. 

In order to simulate a unitary tranformation using measurements a correc- 
tion strategy needs to be given to guarantee that the result of the simulation 
does not depend on the various classical outcomes abtained during the simu- 
lation. This strategy consists in applying the unitary maps Pauli X or Z on 
unmeasured qubits when the outcome of a measurement is 1 (see [25] for a de- 
tailed correction strategy). These corrections are applied in such a way that 
the state of the system after the correction is the same state as the state of 
the system if the classical outcome would have occured. One of the simplest 
example of MBQC consist in the graph P2 composed of two vertices 1 and 2 
connected by an edge. Notice that the pivoting according to the edge (1, 2) does 
not change the state: P2 A 12 = P2, so Hi_2|-P2) = I-P2)- 

Lemma 11 The open graph [Pn, {!}, {n\) where the qubits 1 . . . n 1 are X- 

measured simulates the Hadamard transformation if n is even and the identity 
if n is odd. 



Proof 



= (r^/'V2) + (-l)"M"^'^|Zi|P2) 

= (l + (-irX2)(r(^/'V2) 

= (l + (-irX2)(r("/'^|Hi,2|P2) 

= (l + (-irX2)H2(ri°V2) 

= H2(l + (-lfZ2)Z^M±M 

= X^H2|a;) 



So it simulates H up to a Pauli operator X which depends on the classical 
outcome of the measurement. 

By composing this elementary open graph state, it comes that any path 

of size n where all but the output qubit is X-mcasured, implements H if the 
number of edges is odd and the identity otherwise, since = I. □ 

Lemma 12 The open graph (P2. {1, 2}, {1, 2}) with no measurement, simulates 
the two-qubit unitary transformation AZ : \x,y) 1— >■ (— l)^^|a;, y) 

Proof The simulation of AZ is obtained by considering a the open graph 
(P2, {Ij 2}, {1, 2}). Thus both qubits are inputs and outputs. The simulation is 
done without measurement. For any x,y G {0, 1}^^^'^^, 



(2/|M(p„{i,2},{i,2})k) = ^ E i-^r"Hy\P2;S) 

S'C{1,2} 
1 ^ (-l)-l-(y|Zs|P2) 
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S'C{1,2} 



1 ^ (_l)-l.(_l)..l.^j^|P2) 

S'C{1,2} 



iSC{l,2} 



Ifx ^y, then E5c{i,2}(-1)^"®^^"" = 0, so {y\M^P,,{i,2},{i,2})\x) = 0. 
When X = y, X^sc{i 2}(~-'^)^^*^^*^^ =4. As a consequence. For any x G 



{0,l}{i'2>, 



(a^|M(p,,{i,2},{i,2})k) = 2 (x|P2) 

= 2{xf\{xl\P^) 

= (4°^i(ioi> + (-inii)) 

So M(P2,{i,2},{i,i}) implements the map \x1X2) >-> (— 1)^^'^^ |a:ia;2), i.e. KZ. 

□ 

An other property required for the proof of the main theorem is the existence 
of a planar circuit preparing the state \G). 

Lemma 13 For any graph G = (y, E) of order n — \V\, there exists a n-quhit 
planar circuit Cq of size 0{n^) composed of AZ and H to prepare \G). 

Proof There exists a circuit of size 0{n^) composed of AZ only for preparing 
the graph state \G) [16) . This circuit can be made planar by interspersing at 
most n SWAP gates between every AZ. Moreover every SWAP gate can be 
decomposed using a constant number of AZ et H: Vw, v, 

SWAP^^^ H^AZ^^^ H^^^AZ^^^ H^^^ AZ^^^ 

As a consequence \G) can be prepared by a planar circuit of size 0{n?) acting 
on n qubits. □ 

Theorem 14 Any graph on n vertices is pivot minor of a planar graph of Oirv") 
vertices. 

Proof For any graph G, the planar circuit which implements G on imput 
yjvf Ea:g{o 1^) '"^'^ simulated using an open graph G' on with all but 
output qubits are X-measured: this open graph is obtained by composing the 
open graphs simulating H and KZ accordingly to the circuit. Since only X 
measurements occur, G is a pivot minor of H (lemma |H]). Therefore any graph 
is a pivot minor of a planar graph. □ 

6.2 Some particular planar graphs 

Theorem 15 Any graph of n vertices is pivot minor of a triangular grid on 
0{n^) vertices. 

Proof The simulation of the circuit Co that prepares |G) can be embedded 
into a triangular grid of size An * Ad where n = |y| and d is the depth Cg ■ 

The simulation with X and Z measurement of any circuit using the AZ and 
H gates is explained by the following figures where the non-output vertices on 
the bold line are AT-measured and the other non-output vertices are Z-measured. 



Note that it is important to be able to simulate the identity in this model in 
order to compose the different simulations. 

The output qubits (represented with a white circle) state corresponds to 
the application of the simulated unitary transformation on the input qubits. 
(represented by a square). 

• Simulation of Id: 




• Simulation of H: 

S- — f- — f- — f- — f— ^ 

• Simulation of AZ: 




As a consequence any graph is a pivot minor of a triangular grid of size at 
most 0{n'^) {=0{n * d) = 0{n * * n)) □ 

Other regular graph states, like rectangulaiQ or hexagonal grids, are com- 
monly used in quantum computation. But, contrary to triangular grids, we 
show that some graphs are pivot minor of no rectangular nor hexagonal grid: 

Lemma 16 There exists a graph which is a pivot minor of no rectangular nor 
hexagonal grid. 

Proof Pivot minors of bipartite graphs are bipartite [1^, thus, since any rect- 
angular or hexagonal grid is bipartite, all pivot minors of these kind of grids are 
bipartite. As a consequence, any graph which is not bipartite (e.g. a triangle) 
is a pivot minor of no rectangular nor hexagonal grid. □ 



* Graph states described by rectangular grids are also called cluster states. 



Theorem [TC] implies that some graph states, hke the triangle, cannot be reached 
from the traditional cluster state (graph state described by a rectangular grid) 
by a sequence of X- and Z-measurements. Triangular grids turn out to be 
more adapted to one-way quantum computation than rectangular or hexagonal 
ones, as it is underlined in the next section, by proving that measurements in 
the {X, Z)-plane on a triangular graph state is a universal model of quantum 
computation. 

7 Universality of {X, Z)-measurements 

Briegel and Raussendorf have proved that any unitary transformation can 
be simulated by applying on a rectangular grid, a sequence of one-qubit mea- 
surements, such that each measurement is either according to Z, or in the 
(X, F)-plane, i.e. according to an observable cos(a)X -I- sin(a)y for some a. 
We prove that any (real) unitary transformation can be simulated by a sequences 
of measurements in the {X, Z)-plane, on triangular grids. 

Theorem 17 {X, Z) -measurements are universal for one-way quantum compu- 
tation. 

Proof The set of unitary transformations {H, AZ, P{a), a e [0, 27r)} where 
P(a) = cos(a/2)X-f sin(a/2)Z is universal for (real) quantum computation |35j . 
AZ and H can be implemented in the one-way model using X-measurements 
as follows (see lemmas [TT] and [T^ : 



Regarding P{a), it is implemented by the following one-way quantum com- 
putation using (X, F)-measurements |34) : 



X 

m 







6 



X Y 



Y 




cos{a)X + sin(a)F 



This computation is equivalent to a one-way quantum computation involving 
measurement in the {X, Z) plane only: 




sin(— q;)Z 



The equivalency between the two computations can be proved using the local 
complementation. Indeed, the two underlying graphs are locally equivalent by 
applying a local complementation on the central vertex. Thus, if one takes 

the latter graph (with a triangle), applies ^fX^ on the central vertex and y/Z 
on its neighbors and then measures the central vertex according to cos{a)X + 
sin(a)F and its neighbors according to Y then it leads to the simulation of 
P{ol). a unitary U followed by a measurement according to an observable A is 
equivalent to a measurement according to the rotated observable UAU\ thus 
the application of a measurement according to ^/x\cos{a)X + s\n{a)Y)^/X = 

cos{—a)X + sin(— a)Z on the central vertex and according to \fZY\fZ^ = X 
on its neighbors lead to the simulation of P{a). □ 

Theorem 18 Triangular graph states are universal resources for one-way quan- 
tum computation based on {X, Z) -measurements. 

Proof Any real unitary can be implemented by composing the one-way com- 
putations using {X^Z) measurements only (lemma [13]). The graph state corre- 
sponding to this composition can be obtained from the triangular grid by means 
of X and Z measurements only (theorem I15|) . □ 
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